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Abstract—An introduction to the mathematical problem of
cryo-electron microscopy (cryo-EM) is given, along with an
overview of ASPIRE, a software package for processing cryo-EM
image data. ASPIRE uses unique Fourier basis representations
for images of cryo-EM particles. The background and the
implementation of these bases in the code is discussed.

I. INTRODUCTION

Cryo-electron microscopy (cryo-EM) is a molecular imag-
ing technique used to estimate the three dimensional structure
of a molecule or protein. [1] In cryo-EM, a sample is purified
in an aqueous solution and then rapidly frozen into a thin
layer. This process, which results in “vitreous” ice, ensures
both that the sample is trapped in close to its physiological
conformation and that no ice crystals form, which is crucial
to the imaging process. [2]

The sample is then placed under an beam of electrons,
whose trajectories are deflected and scattered by the electro-
static fields of the individual molecules, creating an image on
the detector beneath. (Fig. 1)

In this poster we give a brief introduction to ASPIRE [8],
a Python package for processing cryo-EM image data, and
show an example of how software design principles are used
to represent mathematical structures used in the algorithms.

II. SINGLE-PARTICLE RECONSTRUCTION IN CRYO-EM

The goal of single-particle reconstruction (SPR) is to esti-
mate the electrostatic potential ¢ : R? —+ R of the molecule
given n projection images obtained using the method outlined
above. The image formation model for the projection of some
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particle I; is assumed to be in the form of (1), where h
is the point-spread function of the electron microscope and
R; € SO(3) is the unknown rotation matrix representing
the given particle’s orientation in the frozen sample. The
line integral along one Cartesian direction is also known
as “tomographic projection”. The point-spread function h is
more commonly referred to by its Fourier transform, called
the Contrast Transfer Function (CTF). One of the principal
challenges in cryo-EM reconstruction is the very signal-to-
noise ratio of raw data. [3]

ILi(z,y) = h*/ (b(Ri(x,y,z)T)dz+”noise” (D)

Several programs implement SPR pipelines, including
particle-picking, denoising, CTF correction, and volume re-
finement steps, [4] [S] [6] and active research is still ongoing
in the field. [7]

III. ASPIRE
A. Overview

ASPIRE (Algorithms for Single Particle Reconstruction)
[8] is a Python package, installable from the Python Package
Index (PIP), which aims to implement an end-to-end SPR
pipeline. It uses novel methods for various steps including
particle picking [9], CTF correction [10], particle orientation
estimation [11], and image classification. [12] [13]

Many common cryo-EM programs, including the widely-
used RELION [4], work from an initial guess at the three-



dimensional structure of a molecule, and then use maxi-
mum likelihood methods to refine this guess into a detailed
result. [14] In addition to introducing new algorithms and
research avenues, ASPIRE aims to contribute to the cryo-
EM software ecosystem by providing a robust initial volume
estimate directly from experimental data, a so-called ab-initio
reconstruction which can be further refined with other tools.

IV. EFFICIENT REPRESENTATIONS OF PROJECTION
IMAGES IN CUSTOM BASES

A crucial step in the single-particle reconstruction pipeline
is to perform principal component analysis on the set of
particle projection images. Since projections from similar
viewing directions can appear with arbitrary in-plane rotations
relative to each other, it is important to be able to efficiently
rotate projection images to determine whether they belong in
the same class. To accomplish this, ASPIRE represents images
using “steerable” bases. [12] [13] Images are represented as
a list of coefficients associated with a subset of radial and
angular functions that span the unit disk in Fourier space. The
properties of these bases allow the coefficients for a rotation
of the original image to be quickly computed compared to
rotating an image represented in Cartesian coordinates.

The Fourier-Bessel functions are a set of polar basis func-
tions spanning the disk of radius c in Fourier space. (2)

NigqJi(Brq€)e™ € <c
0 E>c

Here Jj, is the k’th Bessel function of the first kind, Ry, 4 is
the ¢’th zero of Ji, and Ni, is a normalization constant.
Although this is theoretically an infinite series, an image
can be efficiently represented with a truncated Fourier-Bessel
sequence using bounds derived in [12] and [13]. Fig. 2 shows
the Fourier-Bessel basis functions.

PEI(E,0) = )

V. OBJECT-ORIENTED REPRESENTATIONS OF STEERABLE
BASES

Several bases are used at different points in the SPR
pipeline. Each basis is represented as an object in an inheri-
tance structure descending from base class Basis. (Fig. 3)

Basis objects convert between Cartesian images and
their basis coefficient representations via evaluate and
evaluate_t methods, which are analogous to the linear
transformations converting between the two coordinate sys-
tems. (Fig. 4)

Several considerations apply to the design of this inher-
itance structure. Firstly, while the two-dimensional Fourier-
Bessel and Fast Fourier-Bessel bases have the “steerable”
property mentioned above, their three-dimensional analogs
do not. Specifically, this indicates the ability to rotate the
image via complex exponential multiplication. However, all
four Fourier-Bessel bases share certain methods related to
computing Bessel function zeros and coefficients. Because of
this, they should all share certain class characteristics.

The solution to this is to use a “mixin” class,
FBBasisMixin, which can sit outside of the linear class

hierarchy and lend functionality to classes which may not be
amenable to having the same place in that hierarchy. This
creates a class structure which is extensible and adds flexibility
for situations like that of the Fourier-Bessel bases.
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Fig. 1. Schematic of cryo-EM imaging process. Created with BioRender.com.

Fig. 2. The first 15 of the 608 Fourier-Bessel functions used to represent a
32x32 image.
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Fig. 3. Object-oriented structure of ASPIRE Fourier-Bessel Bases. Created

with BioRender.com.
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Fig. 4. Schematic of ASPIRE’s basis methods. Created with BioRender.com.



